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IV. On Curvature and Orthogonal Surfaces. By K. Cayley, LL.D.^ F.B.S.y Sadlerian 

Professor of Mathematics in the University of Cambridge, 

EeceiTed December 27, 1872, — Eeacl February 13, 1873. 

The principal object of the present Memoir is the establishment of the partial differ- 
ential equation of the third order satisfied by the parameter of a family of surfaces 
belonging to a triple orthogonal system. It was first remarked by Bouquet that a given 
family of surfaces does not in general belong to an orthogonal system, but that (in order 
to its doing so) a condition must be satisfied ; it was afterwards shown by Serret that 
the condition is that the parameter, considered as a function of the coordinates, must 
satisfy a partial differential equation of the third order: this equation was not obtained 
by him or the other French geometers engaged on the subject, although methods of 
obtaining it, essentially equivalent but differing in form, were given by Darboux and 
Levy ; the last-named writer even found a particular form of the equation, viz. what the 
general equation becomes on writing therein X=:0, ¥=0 (X, Y, Z the first derived 
functions, or quantities proportional to the cosine-inclinations of the normal). Using 
Levy's method, I obtained the general equation, and communicated it to the French 
Academy. My result was, however, of a very complicated form, owing, as I afterwards 
discovered, to its being encumbered with the extraneous factor X^+ Y^+Z^ ; I succeeded, 
by some difficult reductions, in getting rid of this factor^ and so obtaining the equation 
in the form given in the present memoir, viz. 

((A), (B), (C), (F), (G), (H)Xk, U, Ic, 2lf 2lg, 2U) 

~2((A), (B), (C), (F), (G), (H)Xa, 1 1 2/; 2^, 2l)=:0 : 

but the method was an inconvenient one, and I was led to reconsider the question. The 

present investigation, although the analytical transformations are very long, is in theory 

extremely simple : I consider a given surface, and at each point thereof take along the 

normal an infinitesimal length g (not a constant, but an arbitrary function of the 

coordinates), the extremities of these distances forming a new surface, say the vicinal 

surface ; and the points on the same normal being considered as corresponding points, say 

this is the conormal correspondence of vicinal surfaces. In order that the two surfaces 

may belong to an orthogonal system, it is necessary and sufficient that at each point of 

the given surface the principal tangents (tangents to the curves of curvature) shall 

correspond to the principal tangents at the corresponding point of the vicinal surface ; 

and* the condition for this is that § shall satisfy a partial differential equation of the 

second order 

((A), (B), (C), (F), (G), (H)Xd„ d„ d^n=0, 
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where the coefficients depend on the first and second differential coefficients of U, if 
U=0 is the equation of the given surface. Now, considering the given surface as 
belonging to a family, or writing its equation in the form r— f(^, y^ 0)=O (the last r 
a functional symbol), the condition in order that the vicinal surface shall belong to this 

family, or say that it shall coincide with the surface r'\'lr—r{oc^ y^ z)=Q^ is g'rzrX where 

V=\/X^+Y^+Z^ if X, Y, Z are the first differential coefficients of r{x^y^ z), that 
is, of the parameter r considered as a function of the coordinates ; we have thus the 
equation 

((A), (B), (C), (F), (G), (H)XcZ„ d^, rf,)4=0, 

viz. the coefficients being functions of the first and second differential coefficients of r, 
and V being a function of the first differential coefficients of r, this is in feet a relation 
involving the first, second, and third differential coefficients of r, or it is the partial 
differential equation to be satisfied by the parameter r considered as a function of the 
coordinates. After all reductions, this equation assumes the form previously mentioned. 

On the Curvatitre of Surfaces. Article Nos. 1 to 21. 

1. Curvature is a metrical theory having reference to the circle at infinity ; each point 
in space may be regarded as the vertex of a cone passing through this circle, say the 
circular cone; aline and plane through the vertex are at right angles to each other 
when they are polar line and polar plane in regard to the cone ; and so two lines or two 
planes are at right angles when they are harmonics in regard to the cone, that is, when 
each line lies in the polar plane, or each plane passes through the polar line of the 
other. A plane through the vertex meets the cone in two lines, which are the " circular 
lines" in the plane and through the point; a line through the vertex has through it 
two tangent planes, which might be called the "circular planes" of the point and 
through the line ; but the term is hardly required. Lines in the plane and through the 
point, at right angles to each other, are also harmonics (polar lines) in regard to the 
two circular lines. 

2. Consider now a surface, and any point thereof; we have at this point a tangent 
plane and a normal. The tangent plane meets the surface in a curve having at the 
point a node, and the tangents to the two branches of the curve (being of course lines 
in the tangent plane) are the " chief tangents" of the surface at the point. 

3. The chief tangents are the intersections of the tangent plane by a quadric cone, 
which maybe called the chief cone; but it is important to observe that this cone is not 
independent of the particular form under which the equation of the surface is presented. 
To explain this, suppose that the rational equation of the surface is U=0 ; taking |, ^, ^ 
as current coordinates measured from the point as origin, the equation of the chief cone 
is (|B^,+?;B^+^S^)^U=:0, where w, y, z denote the coordinates of the point. But it is in 
the sequel necessary to present the equation of the surface in a different manner; say 
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we have an equation between the cordinates (w^ y, z) and a parameter r (r being there- 
fore in general an irrational function of ^, y, z)^ which, whenV =:ri, reduces itself to U= : 
we have thenr=f i as the equation of the surface ; and the corresponding equation of the 
chief cone is (|B^+;?By + ^BJV=:0 ; this is not the same as the cone (^B^+^^y+?^;^)^U=:0, 
although of course it intersects the tangent plane in the same two lines, viz. the chief 
lines ; and so in general there is a distinct chief cone corresponding to each form of the 
equation of the surface. But adopting a definite form of equation, we have a definite 
chief cone intersecting the tangent plane in the chief tangents. 

4. Observe that the equations U=0, r=rij although each relating to one and the same 
surface, serve to represent this surface, and that in different ways, as belonging to a 
family of surfaces, viz. one of these is the family U=: const., and the other the family 
r= const. In order to represent a given surface as belonging to a certain family, we 
need the irrational form of equation ; thus r denoting the irrational function of ^, y, z 

determined by the equation — j-+t— +--t~=15 we have r=0 as the equation of the 

ellipsoid --+T +""=!? considered as belonging to a family of confocal quadrics. 

5. Although at first sight presenting some difficulty, it is convenient to use the same 
letter r to denote the parameter considered as a function of the coordinates, and the 
special value of the parameter ; thus in general the equation of a surface may be written 
r{x^ y, 2;)— r=0 (in which form the first r may be regarded as a functional symbol), or 
simply r — r=0, viz. the first r here denotes the given function of (.r, y^ z), and the 
second r the particular value of the parameter. 

6. By what precedes we have through the point and in the tangent plane two circular 
lines, the intersections of the tangent plane by the circular cone having the point for its 
vertex. 

We have also through the point and in the tangent plane two other lines, termed 
the principal tangents, viz. the definition of these is that they are the double (or sibi- 
conjugate) lines of the involution formed by the circular lines and the chief tangents, 
or, what is the same thing, they are the bisectors (and as such at right angles to each 
other) of the angles formed by the chief tangents. 

7. The principal tangents may also be considered as the intersections of the tangent 
plane by a quadric cone, called the principal cone ; this being a cone constructed by 
means of the circular cone and the chief cone, and thus depending on the particular 
chief cone, that is, on the form of the equation of the surface. The definition, is that 
the principal cone is the locus of a line (through the point), such that the line itself, the 
perpendicular (or harmonic in regard to the circular cone) of the polar plane of the line 
in regard to the chief cone, and the normal of the surface are iniolano. 

8. Analytically, taking, as before, (vT, y, z) for the coordinates of the point, and ^^, v^ w 
as current coordinates measured from the point as origin, then the equation of the cir- 
cular cone is it^+v'^ -[-10^^=0; and taking X^^+Y'y+Z'W=:0 for the equation of the tangent 
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plane, and (a^ 5, c,f\ g, li^it^ ^, w)^=0 for that of the chief cone, then, if the line be 
t(^ : V : w=^ : ^ : ^5 we haye 

for the equation of the polar plane, and thence 

for those of the perpendicular, or harmonic in regard to the circular cone ; also for the 
normal te, -?;, w=X : Y : Z ; whence, if the three lines are inflano^ we have 

=0 



a^ + h+g^: h^ + hri+fi;, g^+f^ + ci; 

• JL A #L4 

as the equation of the principal cone. This is in the sequel written, for shortness, as 

! = 0. 
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9. Consider any point P^, not in general on the surface, in the neighbourhood of the 
point on the surface, say P ; then the point P' has in regard to the surface a polar plane, 
which plane, however, is dependent on the particular form of equation — viz. w\ y\ z' being 
the coordinates of P^, and U' the same function of these that U is of ^, y, z, then the form 
U=:0 of the equation of the surface gives^for F the polar plane {ud^>+vdy+wd^,)'U'=0 ; 
and we may through P' draw hereto a perpendicular (or harmonic in regard to the cir- 
cular cone), say this is the normal line of P'. Then for points P^ in the neighbourhood 
of P, when these are such that their normal lines meet the normal at P, the locus of P^ 
is the before-mentioned principal cone. The analytical investigation presents no diffi- 
culty. 

10. Taking P^ on the surface, the normal line of P^ becomes the normal at a conse- 
cutive point P^ of the surface (being now a line independent of the particular form of 
equation), and this normal meets the normal at P ; that is, we have the principal cone 
meeting the tangent plane in two lines, the principal tangents, such that at a consecutive 
point P^ on either of these the normal meets the normal at P ; viz. we have the principal 
tangents as the tangents of the two curves of curvature through the point P. 

The plane through the normal and a principal tangent is termed a principal plane ; 
we have thus at the point of the surface two principal planes, forming with the tangent 
plane an orthogonal triad of planes. 

11. I proceed to further develop the theory, commencing with the following lemma : — 
Lemma. Given the line Xtc-{'Yv+Zw=0^ and conic 

(a, b, c,f, g, hju, % w)'=:0, 
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then, to determine the coordinates (u^^ v^^ w^)^ (u^^ v^^ w^) of the points of intersection of 
the line and conic^ we have 

or, what is the same thing, we have 

as the equation, in line coordinates, of the two points of intersection. The proof is 
obvious. 

12. Making the equations refer to a |)lane and a cone, and writing throughout |, ^, ^ 
as current point coordinates, the theorem is : — 

Given the plane X|+Y;?4-Z^=0, and cone 

then, to determine the lines of intersection of the plane and cone, we have 

{a. . . yY^—Zrij Z|— X^, X?^— ■Y|)^=() 

as the equation of the pair of planes at right angles to the two lines respectively. 

13. Denoting the coefficients by (a), (h), &c., that is, writing 

the values of these are 

{b)= .X^+«Z^-2^ZX, 

(c) = aY='+JX^-27iXY, 

(/) = _«YZ-/X^ +f/XY+AXZ, 

{g) = - 5ZX +/ YX -^Y^ + liYZ, 

(h) = - CXY+/ZX -\-gZY -hZ\ 

We have the following identities : — 

(a)X+(70 Y+{g) Z=0, 
(/i)X + (J)Y+(/)Z=0, 
(^)X+(/)Y+(c) Z=0, 

((5)(c)_(/)^ . . , {g){h)-{a){f), . . .)=-(X^ Y^ ZS YZ, ZX, XY)<J3, 

that is, (5)(c)— (/)^=— X^(p &c., where 

<p=(bc-f\ . .gh-af, . . XX, Y, Zf. 
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Writing also 

aX+hY+gZ, hX+bY+fZ, gX+fY+cZ=hX, hY, hZ, 

and X^4"Y^ + Z^=V^J also a-^b-{-c=&), then 

(a) =(b + c)Y'-aX' +XSX-YSY-ZSZ, 
(i) =(c+a)Y'-c^Y' -XSX+¥§Y-Z§Z, 
(c) =(ffi+*)V^-«Z^ -XSX-YSY+Z5Z, 
(/)=-/V^ -wYZ+YSZ +ZSY, 
(g) = -gY' -^ZX+ZSX 4-X§Z, 
(h)=-hY' -a^YZ+XSY+YSX. 

14. I give also the following lemma : — 

Lemma, The condition in order that the plane Xf +Y;j-fZ?'=0 may meet the cones 

(A,B,C,F,G,HXI,^, ?)'=0, 

(A', B', C, F, G', H'XI, ^, Q'=0 

in two pairs of lines harmonically related to each other, is 

(BG'+B'C-2FF, . . , GH'+G^H-AF-A'F, . . JX, Y, Zf=0. 

Writing here 

(A, . . IY?-Z;j, Z?-X?, X;j--Y|)^ 

={(A), (B), (C), (F), (G), (H)X?, ^, ?)^ 
that is, (A)=BZ*+CY^— 2FYZ, &c., the condition may be written 

(A)A'+(B)B'+(C)CT+2(F)F+2(G)G'+2(H)H'=0, 
or say 

((A), . . XA', . . )=o ; 

and we may, it is clear, interchange the accented and unaccented letters respectively. 

15. I take r—r=0 for the equation of a. surface, X, Y, Z for the first derived functions 
of r, (a, b, c, f, g, h) for the second derived functions. The equation of the tangent plane 
at the point {x, y, z), taking |, jj, ? as current coordinates measured from this point, is 

X|+Y;j+ZS:=0 ; 

the equation of the chief cone in regard to this form of the equation of the surface is 

{a,h,c,f,g,liXl^'/l,Kf=^, 
and the equation of the circular cone is f 4-'!'+r=P5 or, what is the same thing, 

(1, 1, 1, 0, 0, Oil, n, ?r=0. 

imagine a quadric cone, 

(A, B, C, F, G, HX§, 71, ?)^=0, 
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such that it meets the tangent plane in the sibiconjugate lines of the involution formed' 
by the intersections of the tangent plane by the chief cone and the circular cone 
respectively ; that is, in a pair of lines harmonically related to the intersections with the 
chief cone, and also to the intersections with the circular cone ; the conditions are 

((A), . ..X^, ..)==0, 
and 

(A) + (B)+(C)=0, 

viz. if only these two conditions are satisfied the cone will intersect the tangent plane 
in the two principal tangents. 

16. The principal cone, writing, for shortness, 

was before taken to be the cone 

I, ^, r =0. 

X, Y, Z 

Representing this equation by 

i(A, B, C, F, G, HX^, pj, ?)^=0, 
the expressions o£ the coeffiGients are 

A=2hZ-2gY, 

B=2/X-2AZ, 

C=2gY-2fX, 

F= hY- gZ-(b-c)X, 

G=fZ- JiK-{c-a)Y, 

H= ^X- fY-(a—b)Z. 

AX+HY+GZ=ZiY-YSZ, 
HX+BY+FZ=XSZ -Z^X, 

GX+F Y+CZ=YSX-XSY ; 

whence also 

(A, ...JX, Y, Z)==0, 

as is, in fact, at once obvious from the determinant-form ; and also 

A+B+C=0. 

17. Writing, for shortness, 



These values give 



we find 



(a, b, a, f, g, h)-={hc—f^, ca—g^, ab—li', gJi—af, hf—hg.fg—ch), 

Aa+Wi^Gg=co{liZ -gY)^hZ -gY, 
Iih-\-Bl>+¥f=oj(fX-hZy+fK-7iZ, 
Gg+Ff+Cc=4gY -fX)+~gY-fX; 
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whence 

(A, . . .\a^ . . .)=:0. 

18. By what precedes, we have 

for the equation of the two principal planes, where the coefficients (A)^ (B), &c. are 
functions of A, B, &c. and of X, Y, Z, as mentioned above. These coefficients satisfy 
of course the several relations similar to those satisfied by (a), (5), &c., and other rela- 
tions dependent on the expressions of A, B, &c. in terms of a^ Z>, &c. and X, Y, Z. 

19. Proceeding to consider the coefficients (A), (B), &c., we have then 

(A)+(B)+(C)=(A+B + C)V^-(A, ..XX, Y, Z)^ 

that is 

(A)+(B) + (C)=0. 

Observing the relation A + B + C=0, the equations analogous to 

(«) = (5 + c)Y' -{a + b + c)X' + &c. , are (A) = - AV^ + XS'X - Y S' Y - ZS'Z, &c. 

if for a moment we write S'X, I'Y, 1% to denote the functions 

AX+HY+GZ, HX+BY+FZ, GX+FY+CZ. 

But, from the above values, XS'X+ YS'Y+ Z^'Z = 0, or the equation is (A) = - A V^ + 2Xh'X, 
that is =-AV^ + 2X(Z^Y-YSZ). The equation for (F) is (F)=-FV^ + YS'Z + ZS'Y, 
where YS'Z+ZS'Y is =Y(YSX-XSY)+Z(XSZ-ZSX), viz. this is 

=(Y^--Z^)^X-XY^Y+XZSZ. 

We have thus the system of equations 

(A) = -AV^ . +2XZSY -2XY§Z, 

(B) = -BV^-2YZ^X . +2XYSZ, 

(C) = -CV^+2YZSX -2XZSY 

(F) = -FV^+(Y='-Z^)SX-XYSY +XZSZ, 
(G)=-GV^+XYSX +(Z^-X^)SY-YZ^Z, 
(H) = -HV^-XZSX +YZ^Y +(X'-Y')hZ. 

20. We hence find 

(A)a + (H)^+(G)^=-(Aa+H7i+Gy)V^+(ZSY -YSZ )SX+XP, 
(H)h+(B)h +(F)f=-(Eh+-Bb -\-Ff)Y'+(XlZ-72X)lY+YQ, 
(G)g+(F)f +(C)c = -(G^+F/+Cc )V^+(YSX-XSY)^Z +ZK, 

if, for shortness, 

P = ( gY-hZ)lX+(aZ-gX)hY+(hX -aY)lZ, 
Q=(fY-bZ)'SK+(hZ-fX)lY+(bX -hY)hZ, 
K=( cY-fZ]bX+(gZ-cX)lY+{fX-fjY)hZ. 
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Forming the sum PX + QY+EZ, the coefficient of ^X is found to be 

= ^Z{hX.^oY+fZ)+Y{(fK+fY+c'L), =-ZlY^YlZ; 

hence the whole is 

=:SX(YSZ-Z§Y)+§Y(Z^X-X§Z)+§Z(XSY~-YSX), which is =0, that is, 

PX+QY+EZ=:0. 

21. Hence, adding, we find 

((A), . . .)(a, . .) = 0; 

viz. in this and the before-mentioned equation 

(A)+(B)+(C) = 

we have the aj^osteriori verification that the cone (A, . . .)(f? ^? ^f=^ cuts the tangent 
plane in the double lines of the involution. 

In what precedes I have given only those relations between the several sets of quan- 
tities a, a, {a)^ A, (A), &c. which have been required for establishing the results last 
obtained; but there are various other relations required in the sequel, and which will 
be obtained as they are wanted. 

The Conormal Correspondence of Vicinal Surfaces. Article Nos. 22 to 35. 

22. We consider a surface U=0 (or T=f)^ and at each point P thereof measure 
along the normal an infinitesimal length g, dependent on the position of the point P 
(that is, ^ is a function of ^, y^ z). We have thus a point P', the coordinates of which are 

where a, 0, 7 are the cosine-inclinations of the normal, that is, 

a, 0,7=™^^^!^ ifV=x/XM-Y^+z''; 

the locus of F is of course a surface, say the vicinal surface, and we require to find 
the direction of the normal at P^, or, what is the same thing, the differential equation 
X^^^'+Y^<^y+ZW of the surface. We have 

dx^=:(l -{-d^qoi) dx-^ dy^a . dy + d^^a . &, 
dy^=i 4?^.^'^+(l+<^^f^) %+ d,q^.dz, 

= X dX'^ Y dy+ Z dz; 

whence, eliminating dx^ dy^ dz^ we have between dx^j dy\ dz' a linear equation, the 
coefficients of which may be taken to be X', Y^, ZK Taking these only as far as the 
first power of §, we have 

X =::X(1 + dy§^ 4. d,qy) — Y4f |3 — Zd^qy, 
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orj what is the same thing, 

X^ — X(l + d^qa + dy^^ + d^qy) — ILd^^cc — Yd^^^ji — Z^^gy , 
with the like expressions for Y and Z\ I proceed to reduce these. The formula for X^ is 

X'=X{l+q(d^a+d,j^ + d,y) + ad^q+^d,jq+yd,q} 
— q(Xd^a+Yd^^ + Z^y) — (o:X+0Y+ yZ)4§. 

23. I write, for shortness, ^=::Xcf^+YJ^ + r4? whence SX, SY, ^Z^^X+^Y+^'Z, 
hX.+bY+fZ^ gX.~{-fY-\'c7j^^ agreeing with the former significations of ^X, ^Y, c^Z; 
also V4V, Vt^^V, V4V=§X, §Y, §Z, and V§V:-X§X+YSY + ZSZ. It is now easy to 
form the values of 

d,a, d,% 4,y, viz. these are y--^^' v"— ya"' f -"-p-' 

a^a, a^P, a^y, y y3 5 y— yg 5 :^ ~ ^3 ? 



and hence 



%^5 W'^P, %y, y y3 ? y y^ 5 y ys > 

7 , 7 /D , 7 a + b + c W 

d,a+dp+d,y:= — y — — ys? 

X6?^,a + Y40 + Z(Z^y=-y— -ys^X, =0, 

1 

ad,g+l^dy§+yd,g=:ylp, 

ceX+^Y+yZ =V; 
and we have 

with the like values of Y and Z^ But we are onlv concerned with the ratios X^ : Y^ : Z' ; 
whence, dividing the foregoing values by the coefficient in { }, and taking the second terms 
only to the first order in g, we have simply 

X', Y, Z^=X— V(^.^§, Y—Yd^j^^ Z— V^^g. 

24. We may investigate the condition in order that the surface a;\ y\ ^ may be the 
consecutive surface ^+^^=^(^5 J/? ^)- This will be the case of 



a;C? 



T-^dr=r(x^r^, y-\-%^, 2+?|), 



7 It 

that is, r+(lr=f+fY, or g"^—* This value of ^ gives d^q^-=^—^c^d^=i—^^^^^X.^ and 



similarly B^^ = — -:|2 SY, c^f = — ys ^Z ; whence 



x^, y; z'=:X+|sx, y+I^y, z+|sz, 
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which is as it should be, viz. these are what X, Y, Z become on substituting therein for 
w^ y^ z the values .^^+§^^5 ^+f/3? ^+§7* 

25. I return to the case where f is arbitrary, and I investigate the values of a, ^, . . . 
for the point P^ on the vicinal surface; say these are d^ b\ Scc.^ then we h.med=^d^X! &c. 
The relation between the differentials may be written 

dw={l — d^§m)dw^— d^qo^dy^— d^qc^dz^ 
dy=z —d^qj3 dw^ +(l—dyq^)dy' — d^q(i dz^^ 
d.y= —d^qydx^— dy^y dy^'{-{l — d^qy)dz\ 

and we thence have d^^====-{l--d£ot)d^-—d^q^dy-—d^qyd^ &c. ; hence 

■ci=: {{\—d^q(z)d^ — d^q^dy—d^qyd^\(X.—yd^q) 
= (1 — d^qa)a — 4f /3 . h — d^qy.g— dj^d^q) 
=za—q{ad^'\'hd^^'\'gd^y) 
— [aa + ^^^ +^y) ^cc§ 

— y^X4§—Vi^f ; 

and similarly, /^=^^,Z' (or ^Y')? that is 

f=f-q{gdycc+fdy^ + cdyy) 

26. Completing the reduction, we find 

* mm -m^ 

, (aoi—b—c (8X)^\ 2 v_^ , ^^ ,, 

a =«— f(^ — y y5rj—y 6X4,0 -Vc^jg, 

, /cm—a—b (8Z)^\ 2 ^„ , ^^ ,_ 

C =C—^y y -yS- j— y6Z4g-V(?^§, 

, [cogVg 8Z8X\ !,.„, v^. . X ^r, . 

5' =^ -§ ( "V^ — W ) ~V (SZ4g + ^Xf?^?)- V44?, 

7i' =7j _ g /'^p-'- ^3-j -y {l'Kd,,q + BY4?)— V4^,§ ; 

say these expressions are tt'=«4-^«i!j &c. 

2k2 
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27. Taking |, ;?, ^ for the coordinates, referred to P as origin, of a point on the given 
surface near to P, and |', ^', ^' for the coordinates, referred to P' as origin, of the corre- 
sponding point on the vicinal surface, the relation between |', f/, ^' and |, ;;, ^ is the 
same as that between dx', dt/', dz' and dx, dy, dz ; viz. we have 

S=l'(l —d^«)—dy^a, . rl —d^^a.l^', 
fl= — d,q(5.^ +{l-dyql5y/i'—d,q(i.^', 

?=— 4?r-l' — (^sfy-'j' +(1— <^.?y)?'; 

or, conversely, 

|'=(l+4?a)l+ d,jqa.ri-\-d,qa.};, 

V= d^^ . |+(l+(Z^e/3> +4?/3 . ?, 

^' = 4 r/ • ^ + ^^^/f/ . ?? + (1 + f?a,f y)4 ', 

say r, V, ?'=|+A|, ;j + Aj?, ^+A?; hence 

X'|'+YV+Z'?'=(X-V4§)(H-A|)+&c. 

+XA|+YA;j+ZA? 

where second line is 

(Xa+Y^+Zyj^^g+'J^^yf+^^f) 
+^{(X4«+Y4|3+Z47)^+(X(Z,a+Y(^,^+Z(?,7>4-(X4«+Y(^,i3+Z4yX}. 
But 

sx v^ 

X(?^a + Y4/3 + Z4y = Y — Y3 oX= 0, 
X(?,«+Y(?,i8H-Z(^,y =0, 

X4a+Y(?,|3+Z4y =0, 

or second line is=V(|4f + j7^j,§+?(^.?) ; and we have therefore 

X'|'+YV+Z'?'=XH-Y;7+Z?. 
We require 

(A', B', G, F', G', H'JI', »?', ?')' ; ^iz-. to the first order in g, this is 

=(A', . . .11, -n, Kf 

+2(A, . . .lAI, /\n, A?XI, ^, ?). 

28. Here second line is 

2{(A| + H;; + G?)A|+(HH-B^+F?)A;;+(G|+F;?+C?)A?}: 
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but 



A| + Hpj+G^=Z§;j ~Yh^+ 



Hf+B;?+F?=X5?-ZS§ + 



G| +F;? +C? =YB| +Xh+ 



a 


, A, 


ff 


X 


, Y, 


Z 


1 


, 1 , 


? 


A 


, i. 


/ 


X; 


, Y, 


z 


i' 


. f J 


? 


^ = 


/, 


c 


X, 


, Y, 


z 


1 . 


, 'y , 


? 



whence term in { } is 



A0, 
X, 



Y, 



Z 






aA§+AA>7+^A?, /(A§+^iA;!+/A^, ^A|+/A^+cA? 



X 



Y 



Z 



which might be written 



A|, A;?, A? 

XV y 



^A§, ^A;?, SA^ 

XV T' 



but it is perhaps more convenient to retain the second term in its original form. 
29. As regards the first line, we have 



J\rt 



A! =2h'Z' -2g'Y 
=2(A+AA)(Z-VB,t)-2(f/+A^)(Y-V9,§) 
=A+2(ZA/t-YA(/)-2V(B,f-^(Z,^c), 

with similar expressions for the other coefficients. Attending only to the terms of the 
first order, we thus obtain 



A': 
B': 

C'= 

F: 
G': 
H' 



:A+2(Z Ak-Y Ag)-2Y(Jid,-gd^)g, 
:B+2(XA/-Z Ah)-2Y{fd,-hd,)g, 
C+2{YAg-XAf)-2Y{gd^-fd;)S, 
--F +YAh-ZAg-X(Ab-Ac)-Y(hd,^ 
r G 4- Z A/- X A/i - Y ( Ac - Aa) - V(/4 
.H +XA^-YA/-Z {Aa-Ai)-Y{gd,. 



-hd, 



{a- 



■o)d,h 
■a)d;)g, 
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say these are A'=A+SA, &c., where Hs a functional symbol; we thus have 

(A', . . .XI', rl, ?')'=(A, . . .11, V, KfH^K . • -II, ^, ?r+2(A, . . .11, n, ?I^I. ^^^^ A?X 
which, for shortness, I represent by 

=(A, . . .%§, n, ?)'+(A", . . .XI, ^7, ?)'; 

and I proceed to complete the calculation of the coefficients A", B", &c. 
30. We have 

A^^=^A+coeff. 1^ in 



that is 



^A+2(A4fa+ H4# + G457). 



A^^=aA+2~(AX+Hy+GZ)4f 



1?, 



+2^(A4(^ +H40 + Gd/y\ 



where coeff. 2^* is 



Ox. 



Aa + HA+Gff (AX + HY+GZ)8X 

=:Ua.(AZ-^Y) +1Z-^yI -^(Z§Y- YSZ). 
And similarly, 

=^F+i{HX+BY+FZ)4?+(GX+FY+CZ)<?,g} 
f %+B/+Fc (HX + BY+FZ)8Z 



GA+ra + C/ (GX + FY + CZ)SY ] 
+ V ~ V^ ^ )• 



GA+F&+C/= ^/jY-5X)+AY-^X+ft»X+aX+/iY+f/Z, 
Hy+]B/*+Fc=— ai(^Z— cX)— ^Y+cX— »X— aX— lY— ^'Z. 

Sum is*{/iY-^Z-(g-(;)X}+AY-^Z-(^-c)X, which is=a,F+AY-^Z-(§-c)X 



hence 



.SY~ 



F" = ^F 4- (XSZ - ZSX) (\d^q - ^^ ) + ( YSX - X^Y) [\d,A- ^ys 



+|{«F+/iY-^Z-(d-c)X}. 
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32. We may write 

B"=^B+2('y<?,?-©(XSZ-ZSX)+| {*.B+B}, 

G"=^G+ (i4f-^^f-)(Y§X~XBY)+ (-^^.§-^)(Z§Y-YSZ)+f {^G+G}, 

H-^H+(X.-.f)(Z^y-y^Z)+(i.4,-f)(X^Z-Z^X) + |{.H+H}, 

in which equations A, B, &c. are the like functions of a, h, &c. that A, B, &c. are of 

«, Z», &c. ; viz. A.=2AZ— 2^Y, &c. 
The value of dK is 

^A=2Z (|-|(Aa»+A)+|3SX5YJ -~{lYd,i+l-Ki\^)-YdAy^ 
-2Y(|-4(^a;+^)+f5ZSxj-^(§Z4f+^X4f)-V44? 

which is 

= --|(^A+A) +^\IX.{ZIY -YVL) 

-^^-(Z^,-Yc4> -~2V(A4-K)e 
- ^(Z§Y - YlZ)d,q - 2 V(Z(?, - Yd:)d,§. 

t 

Hence the value of A'^ is equal to the last-mentioned expression, together with the 
following terms : — 

which destroy certain of the foregoing ones ; viz. we have 

A"= (^2 V^-^) c?,^- 2 ('V^-^) 4§ - 2V(Z(f,- Y^Kg. 
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33, Similarly, the value of flF is 



^F 



=Y(-^(Iw+h)+f, SXSY - i (hYd^ + hXd^^) - 



4%p 



) 









I ^Y(?,g+| IZd.g-Yd^^+Ydl^'^ 



—Y{My-gd,—{l—c)d^)q, 



which is 



=1 (_F^_F)+^ (XSZ-ZSX)+^^ (YSX-XSY) 



"T" 



T" 






-^ (YSY-ZSZ)+ V(5-c) 4? 



-Il-K+^IY -Yh 



V 



V 






y^X+Y-§Y +V^ i^^^ 



+(_VY44+VZ44+VX^^--VXcfyg. 
Hence F^ is equal to the foregoing expression, together with the following terms :• 

+|(F^+iV V? (X§Z™"ZSX)-tp^(Y§X"~XSY) 
+1 ( Y^X ^ X§Y)4f + 1 (XSZ - Z§X)4f , 



which destroy certain of the foregoing terms ; viz. we thus have 



j^ff 



(X 



^{YlY^ZlZ)+Y(b'--c)^d,q+rf^^ 



A. 



-f- V ( -— xd^dy -f" Ztt^c?^-|* Xtt^ — X^^)g . 



34. We thus have 



V 



// 



V,-?^).„-2(y*-™)*^+2V(-Z.,4 +Y«) 



•'§ 



B 



// 



c 



f.7 



_2/'v/- 
+2(v/- 



ZSYN 



V )^a;§ 



+2 



YSZ' 



4 

t4^ 



2(V^ 



A.6Z 

T 



^/ 



(X8Y\ 
V/i^ — ^j4g+2V(--X4(l^+Z4c?y)§, 

"4" 2 V ( — xdgjd/^ + j\.d'yd^j^j 
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G" = (Yh-~) 4^+v|(c-ff)-i (72Z-XlX)\d^q - (V/-^-) d,^ 

-\-Y(—Zd,jd^-\-X.d^d^+Ydl—Ydl)2, 
H»=-(v,-?|J)4s-(v/-?P^)^.e+{v(«-S)-i(XSX-Y8Y)}4, 

35. It will be recollected that we have X^|'+YV + Z'^'=X|+Y^+Z^; by what 

precedes it appears that for the given surface the principal tangents are determined by 

the equations 

(A, . .Jl, ;?, ?)^=0, 

and that the lines which (in the tangent plane of the given surface) correspond to the 

principal tangents of the corresponding point of the vicinal surface are determined by 

the equations 

(A, . .XI, ;^, ?)^+(A^', • -B, % ?/=0, 

X|+Y^+Z^=0. 

Condition that the two stirfaces may belong to an Orthogonal System. 

Article Nos, 36 to 41. 

36. The'condition in order that the two surfaces may belong to an orthogonal system 
is that the principal tangents shall correspond, or, what is the same thing, the lines which 
(in the tangent plane of the given surface) correspond to the principal tangents of the 
vicinal surface must be the principal tangents of the given surface. When this is 
the case the plane and cone X|+Y;^+Z^=:0, (A^ . . .Xi> % ?J^=0 intersect in the 
principal tangents, and this is therefore the required condition. 

The plane X|+Y^+Z^=:0 meets the cone (A'', . -XS? ^, ^f==0 in the principal 
tangents, that is in a pair of lines harmonically related to the circular lines and also to 
the chief tangents. Forming then the coefficients (AJ')^ (B'% (G% (F"), (G^-), (H^^) 
from A^^, &c. in the same way as (A) &c. are formed from A, &c., that is, writing 
(A')=B'Z'+G^Y'~-2¥'YZ, &c., the conditions are 

(A")+(B'0 + (O0==0^ 

((A% . . .X^{., . . .)=0, or, what is the same thing, 

(A^ . . . X(4 . . 0=0- 

The former of these, as about to be shown, is satisfied identically ; we have therefore 
the second of them, say (A'^, . -XC^O? • *)=^ ^s the required condition. 

MDCCCLXXIII. 2 L 
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37. We have 
(A")+(B")+(C")=(A"+B''+C")V^-(A", . .XX, Y, Zf, 

A" + B"+ C' = I { (Z^ Y - YBZ)4f + (XSZ - ZSXX^ + ( YSX - XhY)d,q } . 

Forming next the expressions of A"X+H"Y4-G"Z »&c., and, for convenience, writing 
down separately the terms which involve the second differential coefficients of g, we have 

A"X+H"Y+G"Z= 

4f .Y(hZ-gY)+cl^olYlZ - ZS V+ V(^X~ aZJ] + d,^[- (VSY - YSV) - V(7iX - «Y)], 

H"X+B"Y+F"Z = 

4e[- (VIZ- ZlY)-Y(fY-¥l)-]+ d,o . V(/X- hZ) + 4g[( V^X -XSV) + Y{hY-iX)-\, 
G"X+F'Y +C"Z= 

4f[V^Y-Y^V+V(/Z-6Y)]+^,g[-(VSX-XSV)-V(^Z~cX)]+4g.V(^Y-/X), 

where ^V stands for ^ (XSX+Y^Y+ZSZ), and where the three expressions contain also 
the following terms respectively : — 

{ . -YZ(Z^+YZri^ + (Y^-Z%4+ XYd-A- XZdJ^}^, 

{ ZXdl . . -ZX^^- XYd/,-\-(Z'-X')dA+ YZdJ,}^, 
{-XYd'.-^XYdl . + XZd^d- YZd,d^+{X'-Y')d4y}q. 

Multiplying by X, Y, Z, and adding, the terms which contain the second differential 
coefficients disappear, and we obtain 

(A^ . .JX, Y, Z)^=.2V[(ZSY--.YSZ)4?+(XSZ-^ZSX)c?,?+(Y§X-X§Y)4^ 
so that, attending to the above value of A^^+B''+0', we have the required equation 

38. Proceeding now to form the value of (A'^, . . -XC^)? • • •)' ^^^^ ^^ 

it will be shown that the terms involving the first differential coefficients of g vanish of 
themselves ; as regards those containing the second differential coefficients^ forming the 
auxiliary equations 

(A)=2(/0Z -2{g)Y, 

(B) = 2(f)X-2(h)Z, 

iC)=2(g)Y -2(/)X, 

(F)=(h)Y-(g)Z -((3)-(^))X, 

(G)=:(/)Z-(A}X -((c)-(a))Y, 

(B.)=(g)X-{f)Y-i(a)-(l>))Z, 
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we find without difficulty that the terms in question (being, in fact, the complete value 
of the expression) are 

=:r V((A), . . .X4, dy, d,)\ 

39. As regards the terms iuYolying the first differential coefficients, observe that the 
whole coefficient of \q is 

-2(5)(V/-^ 



4-2(/}/v(^-(?)-y(YSY-ZSZ) 

+2{g)(Yh-^y 

-2(h)(Yg-?^), 

=2Y{(g)h+(f)i+{o)9-mff+(h)f+(f)c)} 
+^{Z((h)^X+(b)hY+(f)hZ)-Y((g)hX+(f)lY+(c)hZ)}. 

40. The reduction depends on the following auxiliary formulee : — 



which is 



a{a)+h(h) +g(g}= Y'W-XIX, 
h „ -\-h „ +/ „ = -YlX, 

g j5 -!-/« -\-(^ 5» = — z§x, 



a{h)-{.h{h)+g{f) = -XlY, 
'h „+5„ +/„ =YlN-YlY, 

g jj +/» + c„ = — ZSY, 



<g)+Kf)^gi.c)^ -x§z, 

h„ +5„ +/„= -Y&, 

g ,.+f\, +c„=Yw-zlz, 



where, for shortness, I have written IX, lY, IZ to stand for aX+/iY+^Z, hX-\-hY-\-fZ, 

^X+/Y+cZ respectively, and V^V for X§X+YSY+Z§Z, (=«, . . JX, Y, Z)\ 
From these we immediately have 



{apX ■\-{h)lY+ (g)hZ = Y(XW - 

(h)^X+(bpY + (/)SZ= V(Y§V- 

(«)SX+(/)SY4-(c) lZ=Y{ZlY 
Hence, in the coefficient of d^q, the first line is 



•V§X), 
VSY), 
-V§Z). 



and the second line is 



2 



2V(-Y§Z+Z§Y), 



=Y{YZ(Y§V-V^Y)-VY(ZSV-VSZ)}, =2V(YSZ-ZSY) ; 

so that the sum, or whole coefficient of d^q, is =0. Similarly, the coefficients of rf^o and 
d^q are each =0. 

^ L ^ 
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41. We have thus arrived at the equation 

as the condition to be satisfied by the normal distance g in order that the given surface 
and the vicinal surface may belong to an orthogonal system, viz. this is a partial differ- 
ential equation of the second order, its coefficients being given functions of X, Y, Z, 
a^ h^ G^j\ g^ A, the first and second differential coefficients of r (where r=r{x^ y^ z) is the 
equation of the given surface). 

The equation, it is clear, may also be written in the two forms 

(A, . . ,y7dy--Yd^^ 'Xd^'-^Zd^y Yd^—'Xdyy§=0, 
and 

P , Q , K 1=0, 

ccP+JiQ+cjll, AP+5Q+/E, gV+fQ+cn 

, JL , mLA 

if, for shortness, P, Q, E are written to denote Zd.^—Yd^^ Xc?^— Zd^, Yd^--'Kd,j respec- 
tively, it being understood that in each of these forms the d^^ d^^ d^ operate on the ^ only. 

Condition that a family of surf aces may belong to an Orthogonal System. 

Article Nos. 42 to 49. 

42. We pass at once to the condition in order that the family of surfaces 

f^f(^x^ y, z)=0 
^nay belong to an orthogonal system, viz., when the vicinal surface belongs to the family^ 

we have f proportional to y / = ~^===== \ , and the condition is 

1 

((Aj, . . *x.d^^ dy^ a^j y:=U, 

where r is a function of (w^ y^ ^), the first and second differential coefficients of which 
are X, Y, Z, a, &, o,/', g^ h ; and the equation is thus a partial difiTerential equation of the 
third order satisfied by r. The form is by no means an inconvenient one, but it admits 
of further reduction. 

43» We have d^j^ (?^y? d^y ^q^^^l to — ^s ^X, — p SY, — ys IZ respectively, and 
thence 

dly=--Y^{a'+h'+g'+U) +~i^X)% 

dAY=~-T^(9^^+¥*+¥+¥H'Y^ ^YBZ, 
or, as these may be written, 

1 1 . -.-.vs. 3 



dlY=—Y^(^^'^'^'^^'^^^^'^T^(^^^ 



2 



11 ___ o 
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with the like values for c^ly, &c. Substituting, the equation contains a term multiplied 

by co^ viz. this is 

1 

which vanishes ; and a term multiplied by co^ viz. this is 

^4(A) + (B)-j-(C)), 

which also vanishes. Writing down the remaining terms, and multiplying the whole 
by — V^5 the equation becomes 

((A), . .J^a, . .) + ((A), . -XU, . .)-|-.((A), . . -X^X, SY, SZ)^=0. 

44. The last term admits of reduction ; from the equations 

(A)=— AV^+2XZSY— 2XYSZ, &c., we find 
(A)BX+(H)§Y+(G)SZ=-V^(A§X+mY+GSZ)+V§V(Z§Y-YSZ), 
(H)SX+(B)SY+(F)§Z=- V=(mX+BSY+rSZ)+VSV(X§Z -Z SX), 

and hence 

((A), . .X^X, ^Y, §Z)^=---VtA, . . .X^X, hY, IZf ; 

wherefore the equation becomes 

((A), . .Ja, . .) +((A), . -X^a . .)+3(A, . .X^X, SY, §Z/=0. 

45. It will be shown that we have identically 



((A), . . .Xa, . . .)=~(A, . .X§X, hY, h7jy=2 






The partial differential equation thus assumes the form 

((A), : ,X^a, . . .)+O=0, 
where 12 may be expressed indifferently in the three forms, 

= + 2(A, . .xhx,hY,hzy, 

4 SX, ^Y, &Z 

, JL , JLJ 

§X, §Y, §Z 
46. Taking the first of these, the partial differential equation is 

((A), . . .X^a^ • •)"~'2((A-), . .X^? • ^ 0=0 » 
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or, written at full length, it is 

(A)U + (B)U 4- (C)5c + 2(F)hf+2{G)^g + 2(1I)U 
-2{(A)a +(Bjb +(C)c +2(F)/' +2(G)^ +2(H)A}=0, 

where the coefficients are given functions of X, Y, Z, a, b, c, f, g, h, the first and second 
dliferential coefficients of r ; and i is written to denote JLd^-{-Yd,j + 7id,.. 

47. It remains to prove the above-mentioned identities. 

To reduce the term (A, . .'X^'K, 'SY, hZf, we have 

ASX+mY+G^Z 

= A(aX+AY+^Z)4-H(AX+5Y+/Z)+G(^X+/Y+c-Z) 
= X{ 4/iZ -^Y)+lZ-;^Y} 

+Y{ -a{fY-VL)-Q'Y-bZ)-l!L-lZ) 

-fZ{ oo{fz -gY)+J7j-cy +;;y+iz} 

= ft;(ZSY-YSZ)+(ZlY-YlZ) + (ZlY-Y^Z), 



that is 



ASX+mY+GSZ=»(ZSY -YSZ )+2(Z§Y -Y6Z ), and similarly 

mX+BSY-fF§Z=«(XgZ-ZSX)+2(X§Z-Z§X), 

GSX + F^Y + aZ =*( Y§X - XSY) + 2(Y^X- XBY), 



whence 



(A, . .X^X, ^Y, ^Z)^=-2 



§X, aY, ^Z 

X'\r jy 

§x, ^Y, az 



48. Now, from the equations AX+HY+GZ=ZSY — Y§Z, &c., we have for the value 
of twice the foregoing determinant 

2 det.=2{(aX+AY+^Z)(AX+HY+GZ) 
-f (IX^-^Y+/Z)(HX+BY +FZ) 
+ (yX+7Y+cZ )(GX H-FY +CZ)} ; 

and subtracting herefrom the function ((A), . . .\a, . .), which is 

= (BZ^+CY^-2FYZ)a 

4-(CX^+AZ=-2GZX)6 

+(AY==+BX^-2FYZ)c 
+ 2(-AYZ-FX=' +GXY+HXZ)7 
+2(-BZX+FXY~GY^ +HYZ)^ 
+ 2( - CX Y + FXZ + G YZ - HZ^ % 
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the difference is found to be 

= a {(A, . .XX, Y, Zf+AY'} 
+^,{(A, . .XX, Y, Zy+BY'} 
+c{(A,. .XX, Y, Zf + CY'l 
+2/{(A+B+C)YZ+ FV^} 
-f 2^{(A+B+C)ZX+ GV=} 
+2A{(A+B+C)XY+HVn, 

which, on account of (A, . -XX, Y, Zy=0, and A+B + C=0, reduces itself to 



49. We have 



(A, . .X«, • • •) • '^"^• 



Aa + H^+ Gg= a{2hZ— 2gY) 

+A( gK- fY-(a-b)Z) 
+^(/Z- 7iK-(c-a)Y) 

= X(%-A^) 

-\-Y {ag — ga—{ga -^fh + eg) ) 
+Z {ha—ah-\-{ha-\- hh-\-fgy) ; 

or observing that in the coefficients of Y and Z the second terms each vanish, this is 

Aa+llh-\-Gg=lL(kg—gh)+Y(ga—ag)+Z(ah—ha), and similarly 
H/T+B b+Ff=:X(bf-fb)+Y{j7i-7if)+Y{M - M), 
Gg+Bl + ¥c='X(fc—cf)+Y{cg-gc)-^Z(gf~fg). 

Adding these equations, the coefficient of X is the difference of two expressions each of 
which vanishes ; and the like as regards the coefficients of Y and Z ; that is, we have 



and consequently 

X~V 

SX, ^Y, 
the required relation. 



SZ 



(A, ..^a, . .}=0; 



((A), . .Ja, ...)=- (A, .. .X^X, SY, iZf, 



